Spatial behavior for some non-standard problems in linear thermoelasticity without energy dissipation  by Chiriţă, S. & Ciarletta, M.
J. Math. Anal. Appl. 367 (2010) 58–68Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
Spatial behavior for some non-standard problems in linear
thermoelasticity without energy dissipation
S. Chirit¸a˘ a, M. Ciarletta b,∗
a Faculty of Mathematics, Al. I. Cuza University of Ias¸i, Blvd. Carol I, nr. 11, 700506 – Ias¸i, Romania
b DIIMA, University of Salerno, Via Ponte Don Melillo, 84084 – Fisciano (SA), Italy
a r t i c l e i n f o a b s t r a c t
Article history:
Received 16 November 2009
Available online 19 January 2010
Submitted by B. Straughan
Keywords:
Non-standard problems
Thermoelasticity without energy dissipation
Spatial behavior
In the present paper we consider a prismatic cylinder occupied by an anisotropic and
homogeneous compressible linear thermoelastic material within the framework of the
linear theory of thermoelasticity without energy dissipation. The cylinder is subject to
zero body force and heat supply and zero lateral speciﬁc boundary conditions and the
motion is induced by a time-dependent displacement and thermal displacement speciﬁed
pointwise over the base. Further, the motion is constrained such that the displacement,
thermal displacement, velocity and temperature variation at points in the cylinder and at
a prescribed time are in given proportions to, but not identical with, their respective initial
values. It is shown that certain integrals of the solution spatially evolve with respect to the
axial variable. Conditions are derived that show the integrals exhibit alternative behavior
and in particular for the semi-inﬁnite cylinder that there is either at least exponential
growth or at most exponential decay, provided the elasticity tensor is positive deﬁnite or
strongly elliptic.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In the literature concerning thermal effects in continuum mechanics there are developed several parabolic and hyperbolic
theories for describing the heat conduction. The hyperbolic theories are also called theories of second sound and there the
ﬂow of heat is modelled with ﬁnite propagation speed, in contrast to the classical model based on the Fourier’s law leading
to inﬁnite propagation speed of heat signals. A review of these theories is presented in the articles by Chandrasekharaiah [1]
and Hetnarski and Ignaczak [2,3].
A new thermoelastic theory without energy dissipation has been proposed by Green and Naghdi [4]. This thermome-
chanical theory of deformable media introduces the so-called thermal displacement relating the common temperature and
uses a general entropy balance as postulated in [5]. By the procedure of Green and Naghdi [6], the reduced energy equa-
tion is regarded as an identity for all thermodynamical processes and places some restrictions on the functional forms of
the dependent constitutive variables. The theory is illustrated in detail in the context of ﬂow of heat in a rigid solid, with
particular reference to the propagation of thermal waves at ﬁnite speed. The linearized formulation allows the transmission
of heat ﬂow as thermal waves at ﬁnite speed and the evolution equations are fully hyperbolic.
The linear theory of thermoelasticity without energy dissipation for homogeneous and isotropic materials was employed
by Nappa [7] and Quintanilla [8] in order to obtain spatial energy bounds and decay estimates for the transient solutions in
connection with the problem in which a thermoelastic body is deformed subject to boundary and initial data and body sup-
plies having a compact support, provided positive deﬁniteness assumptions are supposed upon the constitutive coeﬃcients.
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dependence results, while Quintanilla [11] studies the question of existence. Further results of structural stability and decay
type are given by Quintanilla [12,13] and Quintanilla and Straughan [14] used logarithmic convexity and Lagrange identity
arguments to yield uniqueness and growth without requiring sign deﬁniteness of the constitutive coeﬃcients.
On the other hand, a new class of non-standard problems has been shown to be relevant to many applied mathematical
situations. This is where the data are not given at time t = 0, but instead as a linear combination at times t = 0 and t = T
(see, for example, Payne and Schaefer [15], Payne et al. [16], Ames et al. [17,18] and references therein). Such problems
were originally introduced as a means of stabilizing solutions to the improperly posed problem when the data are given at
t = T and one wishes to compute the solution backward in time (see, for example, Ames et al. [19], Ames and Payne [20]
and references therein). Accurate solution of such problems is essential to many real applied mathematical situations, such
as image reconstruction from noisy data (see e.g. Ames and Straughan [21, Chapter 8]).
A priori bounds and questions of structural stability have been the focus of attention in many recent articles in ther-
moelasticity, both for the classical theory and for type II and type III theories. We mention that Ames and Payne [22–24]
establish a series of results on continuous dependence for the backward in time problem, for a unilateral problem, and for
the initial-time geometry problem, respectively. Rionero and Chirit¸a˘ [25] show how one can use a weighted Lagrange iden-
tity argument to establish uniqueness and continuous dependence results for classical thermoelasticity on unbounded spatial
regions without requiring the solution to decay at inﬁnity. While Quintanilla and Straughan [26] derive energy bounds for
a class of non-standard problems in linear thermoelasticity, in which the initial data are given as a combination of data at
initial time and at a later time.
Recently, Knops and Payne [27] considered a non-standard problem associated with the classical linear elasticity for a
prismatic cylinder and establish decay and growth exponential estimates with respect to axial variable for certain time in-
tegrals of the cross-sectional energy, provided the elasticity tensor is positive deﬁnite. The initial displacement and velocity
are not prescribed, nor are conditions speciﬁed on the upper end for a ﬁnite cylinder, or at asymptotically large axial dis-
tance for the semi-inﬁnite cylinder. Possible applications are indicated for various practical problems ranging from geology
to structural engineering. The example of a pile driven into a rigid foundation is given for preventing movement of the
lateral boundary.
In this paper, we consider a prismatic cylinder made of an anisotropic and homogeneous compressible linear thermoe-
lastic material within the framework of the linear thermoelasticity without energy dissipation. The cylinder is subjected to
zero body supplies and zero lateral speciﬁc boundary conditions. The motion is induced by time-dependent displacement
and thermal displacement speciﬁed pointwise over the base and the displacement and the thermal displacement and veloc-
ity and temperature variation at points in the cylinder and at a prescribed time are in given proportions to, but not identical
with, their respective initial values. The spatial evolution of the solution is studied by means of certain time-weighted inte-
grals of the cross-sectional energetic terms, provided the speciﬁc heat is positive, the conductivity tensor is positive deﬁnite
and the elasticity tensor is positive deﬁnite or strongly elliptic. Consequently, when common zero lateral boundary condi-
tions are considered then we assume the elasticity tensor is positive deﬁnite and, on this basis, we examine how certain
integrals of the cross-sectional energy spatially evolve with respect to the axial distance to the end base. Conditions are
derived that show these integrals exhibit Phragmèn–Lindelöf alternative behavior, that is for a semi-inﬁnite cylinder there
is either least exponential growth or at most exponential decay.
When the cylinder is constrained to a ﬁxed and thermal insulated lateral boundary we use the strong ellipticity of the
elasticity tensor in order to construct an explicit time-weighted integral over the cylinder’s cross-section able to furnish
complete information on how the solution spatially evolves with respect to the axial distance to the excited base.
The problem studied in this article ﬁnds application in geology and structural engineering. In [27] we ﬁnd the example of
a pile driven into a rigid foundation that prevents movement of the lateral boundary. The time-dependent displacement and
thermal displacement prescribed over the excited end constrains the motion such that the displacement, thermal displace-
ment, velocity and temperature variation at some given time are proportional to their unknown initial values. It is desired
to predict the deformation and thermal deformation at each cross-section of the pile in terms of the base displacement and
thermal displacement.
2. Notation and basic theory
Throughout this section we assume that the prismatic cylinder B ⊂ R3 is occupied by a homogeneous and anisotropic
thermoelastic material with a center of symmetry at each point. We assume that the bounded uniform cross-section D ⊂R2
has piecewise continuously differentiable boundary ∂D . The origin of the rectangular Cartesian coordinate system is located
in the cylinder’s base and the positive x3-axis is directed along that of the cylinder. Then the lateral boundary of the cylinder
is π = ∂D × [0, L], where L is the length of the cylinder (see Fig. 1).
In what follows we will consider the dynamic theory of thermoelasticity without energy dissipation as described in [4,6].
The governing equations of the linear theory of anisotropic and homogeneous thermoelasticity without energy dissipation
are given by the evolution equations [4,6]
S ji, j + ρbi = ρu¨i, (2.1)
ρη˙ = ρ r − qi,i, (2.2)θ0
60 S. Chirit¸a˘, M. Ciarletta / J. Math. Anal. Appl. 367 (2010) 58–68Fig. 1.
in B × (0,∞), the constitutive equations
Sij = Cijklekl − Mijθ,
ρη = Mijei j + c
θ0
θ,
qi = − 1
θ0
Kijβ j, (2.3)
in B¯ × [0,∞), the geometrical equations
eij = 12 (ui, j + u j,i) (2.4)
in B¯ × [0,∞) and the law of heat ﬂow
β˙i = θ,i, (2.5)
in B¯ × [0,∞). Here ui are the components of the displacement vector, θ is the temperature variation from the uniform
reference temperature θ0, ei j are the components of the strain tensor, βi are the components of the thermal displacement
gradient vector, Sij are the components of the stress tensor, qi are the components of the entropy-heat ﬂux vector, η is the
entropy density per unit mass and bi represents the components of the external body force vector and r is the external
rate of supply of heat per unit mass. Furthermore, ρ is the constant density mass, Cijkl , Mij , c and Kij are the constant
constitutive coeﬃcients satisfying the following symmetries
Cijkl = Ckli j = C jikl, Mij = M ji, Kij = K ji, (2.6)
and the subscripts i, j, k, l take values 1, 2, 3 and summation is implied by index repetition. Moreover, a superposed dot
denotes differentiation with respect to time and a subscript comma indicates partial differentiation. The speciﬁc Helmholtz
free energy ψ is given by
ρψ = 1
2
Cijklei jekl − Mijei jθ − c2θ0 θ
2 + 1
2θ0
Kijτ,iτ, j, (2.7)
while the speciﬁc internal energy 
 is given by
ρ
 = 1
2
Cijklei jekl + c2θ0 θ
2 + 1
2θ0
Kijτ,iτ, j, (2.8)
where τ is the thermal displacement related to the temperature variation by relation
τ˙ = θ. (2.9)
The cylinder is set in motion subject to a pointwise prescribed base time-dependent displacement-thermal displacement,
zero body force and heat supply and appropriate zero lateral boundary data. Furthermore, the prescribed time-dependent
displacement-thermal displacement is such that a classical solution exists on the interval [0, T ]. Therefore, the problem to
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thermal displacement τ :
(Cijkluk,l − Mij τ˙ ), j = u¨i, (2.10)(
1
θ0
Kijτ, j
)
,i
− Miju˙i, j = c
θ0
τ¨ , (x, t) ∈ B × (0, T ), (2.11)
subject to the lateral boundary conditions
u˙i(Cijkluk,l − Mij τ˙ )n j = 0, τ˙ (Kijτ, j)ni = 0, (x, t) ∈
(
∂D × [0, L])× [0, T ], (2.12)
and the base boundary conditions
ui(x, t) = f i(x1, x2, t), τ (x, t) = g(x1, x2, t), (x, t) ∈ D(0) × [0, T ], (2.13)
and the ﬁnal values at time T of the displacement, velocity, thermal displacement and temperature variation are propor-
tional to their initial values, that is
ui(x, T ) = λui(x,0), u˙i(x, T ) = μu˙i(x,0),
τ (x, T ) = ατ(x,0), τ˙ (x, T ) = βτ˙ (x,0), x ∈ B, (2.14)
where ni are the components of the unit outward normal on (∂D × [0, L]) and f i(x1, x2, t) and g(x1, x2, t) are prescribed
differentiable functions compatible with the initial/ﬁnal data and the lateral boundary data and λ, μ, α and β are given
parameters satisfying the conditions
|λ| > 1, |μ| > 1, |α| > 1, |β| > 1, (2.15a)
|λ| < 1, |μ| < 1, |α| < 1, |β| < 1. (2.15b)
We are interested in the study of the spatial behavior of the solution (ui, τ ) of the initial/ﬁnal boundary value problem
deﬁned by relations (2.10) to (2.14), provided restrictions (2.15a), (2.15b) are supposed to hold true.
3. Spatial behavior under positive deﬁniteness
Throughout this section we will assume that the speciﬁc internal energy 
 is a positive deﬁnite quadratic form in terms
of the variables ei j , τ,k and τ˙ . This means we assume the positive deﬁniteness of the elasticity tensor Cijkl , that is we have
Cijklξi jξkl > 0 for all non-zero ξi j = ξ ji, (3.1)
and, moreover, we assume that
c > 0, Kijξiξ j > 0 for all non-zero vectors ξi . (3.2)
A full discussion on upper and lower bounds for the magnitude of the stresses in linear anisotropic elastic materials is
given in a recent paper by Mehrabadi et al. [28]. It is shown there that
μmeijei j  Cijklei jekl μMeijei j, (3.3)
where μm and μM are the lowest and largest eigenvalue of the elasticity tensor. The explicit values for the lowest and
largest eigenvalues of the elasticity tensor are given by Mehrabadi et al. [28] for different elastic symmetries. According to
Gurtin [29], μm and μM denote the minimum and maximum elastic moduli for Cijkl .
We note that the relations (2.3)1 and (3.3) give
Sij Si j = Cijklekl Si j − τ˙Mij Si j  (Cijklei jekl)1/2(CrsmnSrs Smn)1/2
+ |τ˙ |(MrsMrs)1/2(Sij Si j)1/2  (Sij Si j)1/2
[
(μMCrsmnersemn)
1/2 +m|τ˙ |], (3.4)
where
m = (MrsMrs)1/2. (3.5)
Thus, from (3.4) we get
(Sij Si j)
1/2  (μMCijklei jekl)1/2 +m|τ˙ |. (3.6)
By means of the arithmetic–geometric mean inequality, from (3.6) we obtain the following estimate
Sij Si j  (1+ ε)μMCijklei jekl +
(
1+ 1
)
m2τ˙ 2, for all ε > 0. (3.7)ε
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kmβiβi  Kijβiβ j  kMβiβi (3.8)
and hence we obtain
qiqi = − 1
θ0
Kijβ jqi 
1
θ0
(Krsβrβs)
1/2(Kijqiq j)
1/2  (qiqi)1/2(kM Krsβrβs)1/2. (3.9)
Thus, we obtain
qiqi  kM Kijβiβ j. (3.10)
We introduce the following function
I(x3) =
T∫
0
∫
D(x3,s)
e−σ s(S3i u˙i − q3τ˙ )dads, x3 ∈ [0, L], (3.11)
where σ is a positive parameter at our disposal whose values will be deﬁned later. In the above relation we have used the
notation D(x3, s) to indicate that relevant quantities are to be evaluated at time s over the cross section of the cylinder
whose distance from the origin is x3.
By direct differentiation with respect to x3 in (3.11) and the use of the basic relations (2.10) to (2.12), we obtain
dI
dx3
(x3) =
∫
D(x3,T )
1
2
e−σ T
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
da
−
∫
D(x3,0)
1
2
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
da
+
T∫
0
∫
D(x3,s)
σ
2
e−σ s
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
dads. (3.12)
Therefore, by means of the relations (2.14), we have
dI
dx3
(x3) = 1
2
(
e−σ Tμ2 − 1) ∫
D(x3,0)
u˙i u˙i da + 12
(
e−σ Tβ2 − 1) ∫
D(x3,0)
c
θ0
τ˙ 2 da
+ 1
2
(
e−σ Tλ2 − 1) ∫
D(x3,0)
Cijklui, juk,l da + 12
(
e−σ Tα2 − 1) ∫
D(x3,0)
1
θ0
Kijτ,iτ, j da
+
T∫
0
∫
D(x3,s)
σ
2
e−σ s
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
dads. (3.13)
Let us now suppose that the relation (2.15a) holds true. Then it becomes possible to choose the parameter σ so that we
have
e−σ Tλ2 − 1 > 0, e−σ Tμ2 − 1 > 0, e−σ Tα2 − 1 > 0, e−σ Tβ2 − 1 > 0, (3.14)
that is we assume that σ ranges in the set
0 < σ <
2
T
min
(
ln |λ|, ln |μ|, ln |α|, ln |β|). (3.15)
Further, we set
0 < σ = 1
2
min
(
e−σ Tλ2 − 1, e−σ Tμ2 − 1, e−σ Tα2 − 1, e−σ Tβ2 − 1) (3.16)
and note that
dI
dx3
(x3) σ
∫
D(x3,0)
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
da
+
T∫ ∫
σ
2
e−σ s
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
dads 0, (3.17)0 D(x3,s)
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x3 on [0, L].
Now, by using the Schwarz’s inequality and the arithmetic–geometric mean inequality in conjunction with the estimates
(3.7) and (3.10), we obtain
∣∣I(x3)∣∣ 1
2
T∫
0
∫
D(x3,s)
e−σ s
(
ε1

Sij Si j + 1
ε1
u˙i u˙i + ε2θ0
c
qiqi + 1
ε2
c
θ0
τ˙ 2
)
dads

T∫
0
∫
D(x3,s)
e−σ s
{
1
σε1
(
σ
2
u˙i u˙i
)
+ ε1(1+ ε)μM
σ
(
σ
2
Cijklui, juk,l
)
+ 1
σc
[
ε1θ0m
2
(
1+ 1
ε
)
+ c
ε2
](
σ
2
c
θ0
τ˙ 2
)
+ ε2θ
2
0kM
cσ
(
σ
2θ0
Kijτ,iτ, j
)}
dads, (3.18)
for all ε1 > 0, ε2 > 0. Further, we equate the coeﬃcients of the various energetic terms in the last integral in (3.18) and
hence we have
1
σε1
= ε1(1+ ε)μM
σ
= 1
σc
[
ε1θ0m
2
(
1+ 1
ε
)
+ c
ε2
]
= ε2θ
2
0kM
cσ
, (3.19)
that is we set
ε1 =
√

(1+ ε)μM , ε2 =
c
θ20kM
√
(1+ ε)μM

, (3.20)
where
ε = 1
2
[
−1+ θ0(m
2 + θ0kM)
cμM
+
√[
1− θ0(m
2 + θ0kM)
cμM
]2
+ 4θ0m
2
cμM
]
. (3.21)
So we obtain the following ﬁrst-order differential inequality
σε1
∣∣I(x3)∣∣ dI
dx3
(x3) for all x3 ∈ [0, L]. (3.22)
We proceed now to obtain the information furnished by the differential inequality (3.22). To this end we observe that
the non-decreasing function I(x3) has the behavior described by the only two possibilities: (i) I(x3)  0 for all x3 ∈ [0, L],
or (ii) there is x∗3 ∈ [0, L] so that I(x∗3) > 0.
Let us ﬁrst consider the case (i). Thus, we assume that I(x3) 0 for all x3 ∈ [0, L] and hence the relation (3.22) gives
dI
dx3
(x3) + σε1 I(x3) 0 for all x3 ∈ [0, L], (3.23)
which after integration leads to the following decay estimate
0−I(x3)−I(0)e−σε1x3 for all x3 ∈ [0, L]. (3.24)
An immediate consequence of relation (3.24) for the semi-inﬁnite cylinder is that I(x3) → 0 as x3 → ∞ and hence relations
(3.17) and (3.24) give the following decay estimate for the weighted total energy
E(x3)−I(0)e−σε1x3 for all x3 ∈ [0,∞), (3.25)
where
E(x3) = σ
∫
B(x3,0)
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
dv
+
T∫
0
∫
B(x3,s)
σ
2
e−σ s
(
u˙i u˙i + c
θ0
τ˙ 2 + Cijklui, juk,l + 1
θ0
Kijτ,iτ, j
)
dv ds (3.26)
and
B(z) = {x ∈ B: z > x3}. (3.27)
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function with respect to x3, it follows that I(x3) > 0 for all x3 ∈ [x∗3, L] and hence (3.22) implies
dI
dx3
(x3) − σε1 I(x3) 0 for all x3 ∈
[
x∗3, L
]
. (3.28)
By direct integration in (3.28), we obtain
I(x3) I
(
x∗3
)
eσε1(x3−x∗3) for all x3 ∈
[
x∗3, L
]
. (3.29)
For a semi-inﬁnite cylinder the relation (3.29) proves that I(x3) becomes unbounded for asymptotically large values of x3
and hence E(x3) is unbounded in this case. Concluding, we have obtained an alternative of Phragmén–Lindelöf type for the
semi-inﬁnite cylinder. Obviously, for a cylinder of ﬁnite length L, we have to prescribe such boundary conditions on the end
x3 = L that implies I(L) = 0 and then we will predict a spatial exponential decay as described in (3.24).
Finally, we discuss the case when λ, μ, α and β satisfy the restrictions described in relation (2.15b). By the time
transformation
s = T − t (3.30)
the considered problem becomes
(Cijkluk,l + Mij τ˙ ), j = u¨i,(
1
θ0
Kijτ, j
)
,i
+ Miju˙i, j = c
θ0
τ¨ , (x, s) ∈ B × (0, T ), (3.31)
with lateral boundary conditions
u˙i(Cijkluk,l + Mij τ˙ )n j = 0, τ˙ (Kijτ, j)ni = 0, (x, t) ∈
(
∂D × [0, L])× [0, T ], (3.32)
and the base boundary conditions
ui(x, s) = f i(x1, x2, T − s), τ (x, s) = g(x1, x2, T − s), (x, s) ∈ D(0) × [0, T ], (3.33)
and
ui(x, T ) = 1
λ
ui(x,0), u˙i(x, T ) = 1
μ
u˙i(x,0),
τ (x, T ) = 1
α
τ(x,0), τ˙ (x, T ) = 1
β
τ˙ (x,0), x ∈ B. (3.34)
It can be easily seen that this new problem is like the problem deﬁned by (2.10) to (2.14) in which we have to make
Mij → −Mij , λ → λ−1, μ → μ−1, α → α−1 and β → β−1. In view of the relation (2.15b) the problem deﬁned by relations
(3.31) to (3.34) can be treated like the problem deﬁned by (2.10) to (2.14) under the restrictions described in (2.15a).
4. Spatial decay under strong ellipticity
Let us consider that the cylinder is occupied by a homogeneous and anisotropic linear thermoelastic solid with rhombic
symmetry. It is subjected to zero body force and heat supply, zero displacement and thermal displacement on the lateral
boundary surface and pointwise speciﬁed displacement and thermal displacement over the base. In what follows we will
substitute the positive deﬁniteness condition (3.1) of the elasticity tensor Cijkl by the following strong ellipticity condition
Cijklξiξkη jηl > 0 for all non-zero vectors ξi, η j . (4.1)
This strong ellipticity condition was recently studied in [30] and necessary and suﬃcient conditions have been obtained
in terms of the constitutive coeﬃcients only for anisotropic material with various elastic symmetries. In what follows we
will use these conditions in order to obtain some measures able to describe the spatial behavior for the considered non-
standard problems. We exemplify our procedure for the class of rhombic materials. With a standard notation for the elastic
coeﬃcients, for this class of elastic materials the strong ellipticity condition (4.1) takes the form
c11ξ
2
1 ζ
2
1 + c22ξ22 ζ 22 + c33ξ23 ζ 23 + c66(ξ1ζ2 + ξ2ζ1)2 + c55(ξ1ζ3 + ξ3ζ1)2
+ c44(ξ2ζ3 + ξ3ζ2)2 + 2c12ξ1ζ1ξ2ζ2 + 2c13ξ1ζ1ξ3ζ3 + 2c23ξ2ζ2ξ3ζ3 > 0 (4.2)
for all non-zero vectors (ξ1, ξ2, ξ3), (ζ1, ζ2, ζ3). It is equivalent with the following restrictions
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−2c66 +  i3
√
c11c22 < c12 < 
s
3
√
c11c22,
−2c44 +  i1
√
c22c33 < c23 < 
s
1
√
c22c33,
−2c55 +  i2
√
c33c11 < c13 < 
s
2
√
c33c11, (4.4)
where the pairs ( i1, 
s
1), (
i
2, 
s
2) and (
i
3, 
s
3) are solutions with respect to x, y and z of the equation x
2 + y2 + z2 − 2xyz−
1 = 0 satisfying |x| < 1, |y| < 1, |z| < 1, with x ∈ { c23√c22c33 , c23+2c44√c22c33 }, y ∈ { c13√c11c33 , c13+2c55√c11c33 }, z ∈ { c12√c11c22 , c12+2c66√c11c22 }.
In view of the above considerations, we have to study the spatial evolution of the solution (ui, τ ) of the initial boundary
value problem P deﬁned by the differential system
ρu¨1 = c11u1,11 + c66u1,22 + c55u1,33 + (c12 + c66)u2,21 + (c13 + c55)u3,31 − M11τ˙,1 − M12τ˙,2,
ρu¨2 = (c12 + c66)u1,12 + c66u2,11 + c22u2,22 + c44u2,33 + (c23 + c44)u3,32 − M12τ˙,1 − M22τ˙,2,
ρu¨3 = (c13 + c55)u1,13 + (c23 + c44)u2,23 + c55u3,11 + c44u3,22 + c33u3,33 − M33τ˙,3,
c
θ0
τ¨ = 1
θ0
(K11τ,11 + 2K12τ,12 + K22τ,22 + K33τ,33) − M11u˙1,1 − M12(u˙1,2 + u˙2,1) − M22u˙2,2 − M33u˙3,3, (4.5)
in B × (0, T ), with the lateral boundary conditions
us(x, t) = 0, τ (x, t) = 0, (x, t) ∈
(
∂D × [0, L])× [0, T ], (4.6)
and the base boundary conditions
ui(x, t) = f i(x1, x2, t), τ (x, t) = g(x1, x2, t), (x, t) ∈ D(0) × [0, T ], (4.7)
and
ui(x, T ) = λui(x,0), u˙i(x, T ) = μu˙i(x,0),
τ (x, T ) = ατ(x,0), τ˙ (x, T ) = βτ˙ (x,0), x ∈ B, (4.8)
where λ, μ, α and β satisfy one of the restrictions described in (2.15a) or (2.15b).
Properties of solution (ui, τ ) are established by means of a function related to a cross-sectional integral that enables a
differential inequality to be derived. The function considered is deﬁned by
J (x3) =
T∫
0
∫
D(x3,s)
e−σ s
{[
c55u1,3 + (c55 − 2)u3,1
]
u˙1 +
[
c44u2,3 + (c44 − 1)u3,2
]
u˙2
+ [(c13 + 2)u1,1 + (c23 + 1)u2,2 + c33u3,3]u˙3 − M33u˙3τ˙ + 1
θ0
K33τ˙ τ,3
}
dads, x3 ∈ [0, L], (4.9)
where the parameters σ , 1 and 2 are at our disposal and their values will be individuated later in a convenient way. To
study the properties of function J (x3) we will use the strong ellipticity condition (4.2) in conjunction with the following
conditions
c > 0, K33 > 0, Kαβξαξβ  0 for all vectors ξα. (4.10)
By direct differentiation with respect to x3-variable in (4.9) and then by the use of the basic system (4.5) and the
boundary conditions (4.6) and the initial/ﬁnal conditions (4.8), we deduce that
d J
dx3
(x3) = 1
2
(
e−σ Tμ2 − 1) ∫
D(x3,0)
u˙i u˙i da + 12
(
e−σ Tβ2 − 1) ∫
D(x3,0)
c
θ0
τ˙ 2 da
+ 1
2
(
e−σ Tλ2 − 1) ∫
D(x3,0)
Φ(ui, j)da + 12
(
e−σ Tα2 − 1) ∫
D(x3,0)
1
θ0
(
Kαβτ,ατ,β + K33τ 2,3
)
da
+
T∫
0
∫
D(x3,s)
σ
2
e−σ s
[
u˙i u˙i + c
θ0
τ˙ 2 + Φ(ui, j) + 1
θ0
(
Kαβτ,ατ,β + K33τ 2,3
)]
dads, (4.11)
where
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(
u21,2 + u22,1
)+ c55(u21,3 + u23,1)
+ c44
(
u22,3 + u23,2
)+ 2(c12 + 3)u1,1u2,2 + 2(c13 + 2)u1,1u3,3 + 2(c23 + 1)u2,2u3,3
+ 2(c66 − 3)u1,2u2,1 + 2(c44 − 1)u2,3u3,2 + 2(c55 − 2)u1,3u3,1 (4.12)
and 3 is a positive parameter at our disposal.
Now we choose the parameters 1 ∈ [0,2c44], 2 ∈ [0,2c55] and 3 ∈ [0,2c66] so that the point P (x, y, z), with coordi-
nates x = c23+1√c22c33 , y =
c13+2√
c11c33
, z = c12+3√c11c22 , lies inside the region limited by the surface S(x, y, z) = x2+ y2+z2−2xyz−1 = 0,|x| < 1, |y| < 1, |z| < 1. With these choices we have
c44
(
u22,3 + u23,2
)+ 2(c44 − 1)u2,3u3,2  χ1(u22,3 + u23,2), (4.13a)
c55
(
u21,3 + u23,1
)+ 2(c55 − 2)u1,3u3,1  χ2(u21,3 + u23,1), (4.13b)
c66
(
u21,2 + u22,1
)+ 2(c66 − 3)u1,2u2,1  χ3(u21,2 + u22,1), (4.13c)
c11u
2
1,1 + c22u22,2 + c33u23,3 + 2(c12 + 3)u1,1u2,2 + 2(c13 + 2)u1,1u3,3
+ 2(c23 + 1)u2,2u3,3  χ4
(
u21,1 + u22,2 + u23,3
)
, (4.13d)
where
χ1 = min(2c44 − 1, 1), χ2 = min(2c55 − 2, 2), χ3 = min(2c66 − 3, 3), (4.13)
χ4 is the lowest positive eigenvalue of the linear transformation given by the 3× 3-matrix⎛
⎝ c11 c12 + 3 c13 + 2c12 + 3 c22 c23 + 1
c13 + 2 c23 + 1 c33
⎞
⎠ . (4.14)
On this basis we have
Φ(ur,s) χ1
(
u22,3 + u23,2
)+ χ2(u21,3 + u23,1)+ χ3(u21,2 + u22,1)+ χ4(u21,1 + u22,2 + u23,3). (4.15)
In view of relations (4.13a)–(4.13d), (4.14) and (4.15) and by choosing σ to satisfy (3.15) and by taking into account the
notation (3.16), from (4.11) we deduce
d J
dx3
(x3) κσ
∫
D(x3,0)
[
ρu˙i u˙i + c
θ0
τ˙ 2 + Φ(ui, j) + 1
θ0
(
Kαβτ,ατ,β + K33τ 2,3
)]
da
+
T∫
0
∫
D(x3,s)
σ
2
e−σ s
[
ρu˙i u˙i + c
θ0
τ˙ 2 + χ1
(
u22,3 + u23,2
)+ χ2(u21,3 + u23,1)+ χ3(u21,2 + u22,1)
+ χ4
(
u21,1 + u22,2 + u23,3
)+ 1
θ0
K33τ
2
,3
]
dads 0 (4.16)
and hence J (x3) is a non-decreasing function with respect to x3-variable on [0, L].
Now we write the relation (4.9) in the form
J (x3) =
T∫
0
∫
D(x3,s)
e−σ s
{√
c55
ρ
(
1√
c55
[
c55u1,3 + (c55 − 2)u3,1
])
(
√
ρu˙1)
+
√
c44
ρ
(
1√
c44
[
c44u2,3 + (c44 − 1)u3,2
])
(
√
ρu˙2) +
√
c33
ρ
[
c13 + 2√
c11c33
(
√
c11u1,1)(
√
ρu˙3)
+ c23 + 1√
c22c33
(
√
c22u2,2)(
√
ρu˙3) + (√c33u3,3)(√ρu˙3)
]}
dads
+
T∫
0
∫
D(x3,s)
e−σ s
[
−M33
√
θ0√
cρ
(
√
ρu˙3)
(√
c
θ0
τ˙
)
+
√
K33
c
(√
c
θ0
τ˙
)(√
K33
θ0
τ,3
)]
dads (4.17)
and use the inequalities |c55 − 2| < c55, |c44 − 1| < c44, |c13 + 2| < √c11c33, |c23 + 1| < √c22c33 and the arithmetic–
geometric and Schwarz inequalities to obtain the estimate
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2
T∫
0
∫
D(x3,s)
e−σ s
[
M1ρu˙i u˙i + M2 c
θ0
τ˙ 2 + M31
(
u22,3 + u23,2
)+ M32(u21,3 + u23,1)
+ M33
(
u21,1 + u22,2 + u23,3
)+ M4 1
θ0
K33τ
2
,3
]
dads, (4.18)
where
M1 = 1√
ρ
max
(√
c55,
√
c44,3
√
c33 + |M33|
√
θ0
c
)
, M2 = |M33|
√
θ0
ρc
+
√
K33
c
,
M31 = 2c44
√
c44
ρ
, M32 = 2c55
√
c55
ρ
, M33 =
√
c33
ρ
max(c11, c22, c33), M4 =
√
K33
c
. (4.19)
Further, we set
ν = max
(
M1,M2,
M31
χ1
,
M32
χ2
,
M33
χ4
,M4
)
, (4.20)
so that the relations (4.16) and (4.18) give∣∣ J (x3)∣∣ ν
σ
d J
dx3
(x3), (x3) ∈ (0, L). (4.21)
The implications of the differential inequality (4.21) can be studied by the same procedure as in the above section. So we
obtain the following alternative for a semi-inﬁnite thermoelastic cylinder: Either the energetic measure
E(x3) = κσ
∫
B(x3,0)
[
ρu˙i u˙i + c
θ0
τ˙ 2 + Φ(ui, j) + 1
θ0
(
Kαβτ,ατ,β + K33τ 2,3
)]
dv
+
T∫
0
∫
B(x3,s)
e−σ s σ
2
[
u˙i u˙i + c
θ0
τ˙ 2 + Φ(ui, j) + 1
θ0
(
Kαβτ,ατ,β + K33τ 2,3
)]
dv ds (4.22)
is ﬁnite and then we have
E(x3) J (0)e−
σ x3
ν for all x3 ∈ [0,∞), (4.23)
or E(x3) is unbounded and then J(x3) grows to inﬁnity more rapidly than an appropriate increasing exponential.
5. Discussion and further results
We have considered a special class of non-standard problems in a prismatic cylinder within the framework of the linear
theory of thermoelasticity without energy dissipation, namely that in which the ﬁnal values of the displacement, thermal
displacement, velocity and temperature variation at points in the cylinder are in given proportions to, but not identical with,
their initial values. We have studied the spatial behavior of the displacement and thermal displacement when the cylinder is
subject to zero body supplies and zero lateral speciﬁc boundary conditions and non-zero boundary conditions on the base.
Then, by using, among other assumptions, the positive deﬁniteness of the elasticity tensor, we have established a spatial
estimate of Saint Venant type as described in (3.25) for a ﬁnite cylinder and an alternative of Phragmèn–Lindelöf type
behavior is obtained for a semi-inﬁnite cylinder. While when the cylinder is constrained to a ﬁxed and thermal insulated
lateral boundary, we are able to study the spatial behavior as described in relation (4.23) by means of the strong ellipticity
of the elasticity tensor.
The estimates (3.25) and (4.23) can be made fully explicit by establishing, in terms of the given data, some appropriate
bounds for the terms I(0) and J (0), respectively. Such bounds can be obtained by the method developed by Quintanilla and
Straughan [26].
Our analysis in the present paper is developed for the class of thermoelastic materials with a centre of symmetry when
the constitutive equations are described by (2.3). It is a straightforward task to see that our above analysis works without
any major diﬃcult for a general anisotropic thermoelastic material, that is one described by the constitutive equations
Sij = Cijklekl − Mijθ + Gijrβr,
η = Mijei j + c
θ0
θ + drβr,
qi = −Gijke jk − drθ − Kijβ j,
68 S. Chirit¸a˘, M. Ciarletta / J. Math. Anal. Appl. 367 (2010) 58–68provided the positive deﬁniteness of the following quadratic form of the internal energy

 = 1
2
Cijklei jekl + c2θ0 θ
2 + 1
2θ0
Kijβiβ j + Gijrei jβr
is assumed.
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